Abstract. We consider a 2 2 system of conservation laws including a sti relaxation term. Well-posedness of the system, the rate of convergence to equilibrium, and the rate of convergence for a nite di erence scheme is discussed. Also a numerical example is presented.
Introduction
The purpose of this paper is to review some recent results concerning the following system of conservation laws (u + v) t + f(u) x = 0 (1) v t = A(u) ? v:
This system has been studied in the papers 4, 5] , and proofs of the results presented here can be found in those papers. In (1), u and v are the unknowns, > 0 is referred to as the relaxation time, and f = f(u) and A = A(u) are given functions. This system arises in chromatography, cf. 6]. For the system (1), we prove the existence of an entropy solution of bounded variation for any > 0, and it is interesting to note that the variation bound is independent of . Thus, we may pass to the limit of zero-relaxation time, and prove that the limit is an entropy solution of the following scalar conservation law, (w + A(w)) t + f(w) x = 0: (2) Moreover, we show the rate of convergence towards equilibrium, measured in L 1 , is 1=3. We also study a nite di erence scheme applied to the system (1), and prove that the numerical solutions converge towards the entropy solution with the rate 1=2, again measured in L 1 , as the mesh size goes to zero. Since the order 1/2 is known to be optimal for scalar conservation laws, it is also optimal for this system. Systems of conservation with relaxation terms appear in a series of important applications. A nice introduction is provided in Whithams book 6], where such models arising in e.g. chromatography, tra c modelling, water waves and gas dynamics are discussed. For more recent results we refer to Chen, Levermore and Liu 1] and references given therein.
The rest of this paper is organized as follows; in the next section we review the results concerning the well-posedness of the system (1), in Section 3 the rate of convergence for the nite di erence scheme is discussed, in Section 4 the rate of convergence towards the solution of the scalar equation is analyzed, and nally in Section 5 we present some numerical computations.
2. Well-posedness In this section we will review the existence and uniqueness theory of the system (1) developed in 5], and we start by giving the precise assumptions on the model.
We assume that f = f(u) is a smooth function satisfying f(0) = 0, and f 0 (u) 0 for u 2 0; 1]:
The function A = A(u) will be assumed to satisfy:
jA 00 (u)j < 1;
for all relevant values of u. We shall consider solutions of (1) 
where denotes the sign function.
In this de nition, M denotes a nite constant not depending on , and D + (T) denotes the set of all nonnegative C 1 -functions with compact support in R 0; T].
The following result concerning well-posedness of (1) This strong regularity result enables us both to prove an error estimate for a nite di erence scheme and to derive a rate of convergence towards equilibrium.
3. A finite difference scheme One way to prove the existence part of Theorem 2.1 is to study the following semiimplicit nite di erence scheme (u n+1 j + v n+1
The discrete values (u n j ; v n j ) computed from (6) are considered as approximations of 
Due to the explicit treatment of the convective term one has to impose a CFLcondition f 0 (u) 1 for all u 2 0; 1]; where = t= x:
(8) It should be noted that the step size is not related to the relaxation time .
In 5] the following a-priori bounds for solutions of the scheme are established. Furthermore, p n j = A(u n j ) ? v n j is the discrete deviation from equilibrium. By a proper application of Helly's theorem it follows from I-IV of Lemma 3.1 that a subsequence of the family of approximate solutions generated by (6) converges to a pair of functions (u; v) 2 (L 1 loc (R R + 0 )) 2 as the mesh size tends to zero. Using a discrete entropy inequality (see 5]), it can be seen that the limit (u; v) is a entropy solution of (1). Having established the existence of the entropy solution, we are able to derive an error estimate for solutions of the scheme: Theorem 3.1. Let (u 0 ; v 0 ) be initial data satisfying (4). De ne (u 0 j ; v 0 j ) as cell averages by (7) and consider grid parameters satisfying the CFL-condition (8). Let (u; v) be the entropy solution of (1) and (u N ; v N ) a piecewise constant representation of the data fu N j ; v N j g generated by the scheme (6).
Then for any xed T = N t > 0 there is a nite constant M independent of t, x and such that ku( ; T) ? u N k 1 + kv( ; T) ? v N k 1 M p t:
(9) A proof of this theorem can be found in 4]. Here we will only sketch the main steps of the proof.
Sketch of proof:
In order to compare the discrete data fu n j ; v n j g generated by the scheme to the entropy solution (u; v) of (1) 
From the monotonicity property of p it follows that ( u (x; t + n+1 ); v (x; t + n+1 )) are well-de ned by (12). For this pair of functions ( u ; v ) we derive an Kruzkov type inequality which can be compared to inequality (5) . Similar as in Lucier's paper 3], the error estimate is a result of this comparison. For details see 4].
Convergence towards equilibrium
This section is devoted to the question how well the solution of the scalar equilibrium equation (2) approximates the {dependent solution of the relaxed system (1). The result is: Theorem 4.1. Let (u 0 ; v 0 ) be a pair of initial data satisfying (4), and let w 0 = u 0 .
Then, for any T > 0, there is a nite constant M such that ku( ; t) ? w( ; t)k 1 M 1=3 for all 0 t T:
Here (u; v) and w are solutions of (1) and (2) respectively. where the constantM is independent of t and . Using the monotonicity properties of A, we obtain ku N ? w N k 1 M T = t:
(16) Now, the desired result follows from (15) and (16) choosing t = 2=3 .
A numerical example
In this section will present a numerical example of convergence towards equilibrium. Further experiments are discussed in 4] where it is observed, numerically, that the rate of convergence towards equilibrium is about 1/2 for one particular example. This shows that the convergence towards equilibrium is slower than a straightforward analysis of smooth solutions would indicate, but we have not been able to nd numerical evidence for the rate of 1/3. We therefore consider the problem of determining the optimal rate of convergence to be open.
In the present example, we consider the functions A(u) = 2u u + 1 ; and f(u) = 1 2 u 2 ; and the initial data, u(x; 0) = w(x; 0) = ( 1; x 0 0; x > 0; and v(x; 0) = A(u(x; 0)). Figure 1 shows the exact solution of the equilibrium model (2) and the numerical solution of the non-equilibrium model (1) generated by the nite di erence scheme (6) for some values of the relaxation time . In the present computations, we used the parameters x = 0:0005 t = 0:00025 and T = 1: Note that the non-equilibrium solutions converge towards the single shock of the scalar equation. For this example, the rate of convergence is estimated to be about 1, cf. the numerical section of 4]. 
